
-) .ji I |I

---- -- - -- - - -- - - - -- - - (-b-.) - -

'II
I I

V and __________________,

II

_ ' TECHNICAL REPORT
I I

SNO. 12688 I
II

DESIGN AND MICROPROCESSOR-BASED IMPLEMENTATION

OF DIGITAL FREQUENCY SELECTIVE FILTERS FOR

APPLICATION IN

TERRAIN ROUGHNESS IDENTIFICATION

b y K.C. Cheok and N.K. Loh

Center for Robotics and Advanced Automation

• •O•I•3•School of Engineering

°• Oakland University
APPROVED FOR PUBLIC RELEASE:

Rochester, Michigan 48063
DISTRIBUTION UNLIMITED

L Contract DAAE07-81-C-4058 _

U.S. ARMY TANK-AUTOMOTIVE COMMAND
RESEARCH AND DEVELOPMENTi CENTER
Warren, Michigan 48090



NOTICES

This report is not to be construed as an official Department of the Army

position.

Mention of any trade names or manufacturers in this report shall not be

construed as an official indorsement or approval of such products or companies

by the US Government.

Destroy this report when it is no longer needed. Do not return it to the

originator.



SECURITY CLASSIFICATION OF THIS PAGE (ahen Data Entered)

REPORT DOCUMENTATION PAGE READ INSTRUCTIONS
BEFORE COMPLETING FORM

I. REPORT NUMBER 2. GOVT ACCESSION NO. 3. RECIPIENT'S CATALOG NUMBER
12688

4. TITLE (and Subtitle) 5. TYPE OF REPORT & PERIOD COVERED

Design and Microprocessor-Based Implementation of
Digital Frequency Selective Filters for Applicatio In
in Terrain Roughness Identification. S. PERFORMING ORG. REPORT NUMBER

TR-82-04-121
7. AUTHOR(&) 8. CONTRACT OR GRANT NUMBER(&)

Dr. K.C. Cheok and Dr. N.K. Loh DAAE07-81-C-4058

9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT. PROJECT, TASK

AREA & WORK UNIT NUMBERS

School of Engineering
Oakland University
Rochester, MI 48063

I1. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

DRSTA-RCKT April 1982
U.S. ARMY TACOM 13. NUMBER OF PAGES

Warren. MI 48090 98
14. MONITORING AGENCY NAME & ADDRESS(If different from Controlling Office) 15. SECURITY CLASS. (of this report)

DRSTA-ZSA Uncl assi fied
U.S. ARMY TACOM SIIS.DECLASSIFICATION/DOWNGRADING
Warren, MI 48090 SCHEDULE

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release: Distribution Unlimited.

17. DISTRIBUTION STATEMENT (of the abstract entered In Block 20, If different from Report)

16. SUPPLEMENTARY NOTES

1S. KEY WORDS (Continue on reverse aide it necessary md Identify by block number)

Microprocessors, Surface Roughness, Frequency Bands, Digital Recursive Filters,
Highpass Filters, Lowpass Filters, Bandpass Filters.

20. AWT"RACT (Cantem wrevers F nf aeemy md identify by block number)

The design and implementation of microprocessor-based frequency
selective filters for possible use in an bn-board terrain roughness identificati n
scheme are investigated. In the design aspect of the investigation, a
systematic digital filter design procedure is developed. The effectiveness
of the procedure is illustrated by several digital filter design examples.

In the implenmentation aspect, a digital signal processing firmware (hardware
and software) based on the Motorola 6802 microprocessor is developed. The

D I FO 1473 EDITION OF I NOV 6S IS OBSOLETE

1 SECURITY CLASSIFICAT1ON OF THIS PAGE (When Data Entered)



SECURITY CLASSIFICATION OF THIS PAGE(WhMn Data Entered)

microprocessor realization of the exemplary digital filters are carried out.
Actual experimental results are recorded and compared to their theoretical
simulations. The capability of the firmware which includes the computational
speed and numerical accuracies will be shown to be adequate for the present
purpose.

2

SECURITY CLASSIFICATION OF THIS PAGE(Wl1.f Data Entered)



PREFACE

Technical advances in the on-the-move adjustability of military

vehicle suspension components, on board terrain sensing, modern system

control theory, and microprocessors have combined in recent years to

greatly increase the potential for improving the ride performance of

military vehicles. Increasing emphasis on fire-on-the move, lighter

weight combat vehicles, and higher horsepower per ton ratios make the

role of the suspension system more critical for mission performance.

This report documents and develops the theory and methods required

for real time processing of sensed terrain elevation data in order to

make it useful for suspension adjustment decisions. It also demonstrates

the successful real time application of the techniques on a currently

available microprocessor.

This work was performed for the Tank-Automotive Systems Laboratory

of the U.S. Army Tank-Automotive Command, Warren, Michigan, under the

overall direction of Mr. Michael Kaifesh, Chief of the Track and

Suspension sub-function, and Mr. Leonard Sloncz, Track and Suspension

project engineer. Mr. Robert Daigle of the Applied Research Function

was technical monitor for the contract.
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1.0 INTRODUCTION

The possibility of obtaining improvement in the ride quality of a

vehicle using a damping rate which varies according to the terrain

roughness has been considered in literatures such as [ 1 ] - [ 5 ].

Recently, a preliminary feasibility study on the identification of terrain

roughness and frequency characteristics was carried out by Daigle [ 5 1

using sampled-data analysis and digital filtering techniques. In this study,

a mathematical decision scheme for characterizing the terrain roughness in

terms of its frequency (wave lengths) contents is developed. The

development assumes that the terrain elevation can be sensed, sampled and

digidzed . The terrain elevation sampled-data stream is then passed

through frequency selective filters which separate the frequency components

of the data into different adjacent bands or channels on the frequency

spectrum. The PMS value from each channel is computed, and the relative

amplitude of the RMS values is used to indicate certain degrees of terrain

roughness present in each of the channels.

Simulations of the above sampled-data, digital filtering and decision

scheme were made on the Systems Engineering Laboratories (SEL) digital

computer. The effectiveness of the scheme for indicating or identifying

the terrain roughness was strongly supported by the simulation results.

The use of the terrain roughness identification scheme is proposed [ 5 ]

among other techniques, as a possible means of incorporating a microprocessor-

based on-board adaptive suspension control unit for a vehicle.

To determine the feasibility of an actual implementation of the

microprocessor-based on-board system, a preliminary investigation into

experimental microprocessor-based filters is suggested. A main concern of

the investigation is the computational speed and numerical

accuracies of the microprocessor in the realization of high order digital

filters. As a rough guideline, it is noted that the digital frequency

selective filters used in the formulation of the above terrain roughness

9



identification scheme consist of bandpass ahd highpass filters whose

critical frequencies are less than 10 Hz.
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2.0 OBJECTIVES

The objective of this report is to investigate the design and to carry

out the actual implementation of microprocessor-based frequency selective

filters which may be suitable for the terrain roughness identification purposes.

In the design phase of the investigation, a systematic procedure for designing

digital filters is developed. The procedure is based on bilinear transformation

technique with emphasized consideration on the compensation of frequency

warping and on the choice of the ratio of working frequency to sampling

frequency. The effectiveness of the proposed design procedure will be

demonstrated by several examples. It is remarked that the potential of the

procedure may be enhanced by the incorporation of computer-aided digital

filter design techniques.

In the implementation phase of the investigation, the hardware

and software for a microprocessor-based digital signal processing system will

be developed. Microprocessor realization of digital frequency selective

filters will be demonstrated by the implementation of digital lowpass,

highpass, bandpass and bandstop filters. The actual experimental frequency

responses of the microprocessor-based digital filters will be recorded

and compared to their theoretical frequency responses.

The organization of this report is as follows. The systematic procedure

for the design of digital filters is developed in Section 5.1, the

hardware and software for the microprocessor-based signal processing system

and filters is described in Section 5.2 and Appendix B. The actual experimental

frequency response of the microprocessor-based digital filters is given in

Section 5.3. Section 4 discusses the results of the investigation and provides

a few recommendations for the direction of future effort. A summary on the

design of analog Butterworth frequency selective filters is given in

Appendix A.

1i
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3.0 CONCLUSIONS

The design procedure developed in Section 5 provides a systematic

technique for obtaining a digital filter from a corresponding analog filter

using bilinear transformation. The technique takes into consideration the

frequency warping and the ratio of working to sampling frequencies. The

effectiveness of the design procedures is illustrated by Examples 1 - 5,

where the design specifications are satisfactorily fulfilled.

Based on the experimental results and performance of the microprocessor-

based frequency selective filters presented in Section 5, the following may

be inferred:

"The computational speed of the microprocessor-based system is sufficiently

fast for the implementation of the-digital frequency selective filters with

the required specifications. As noted in the Introduction, the

critical frequencies of the digital filters required in the terrain

roughness identification schemes are less than 10 Hz. It is seen in

Table 2 that the critical frequencies of the experimental microprocessor-

based filters can be much higher than the required specification.

This further implies that there is room in the processing time for implem-

enting higher order filters.

"The numerical accuracies of the microprocessor-based system using 12-bit

word length data is adequate for the implementation of the filters. This

is clearly illustrated by comparing the theoretical frequency responses of

the digital filters depicted in Figs. 6, 8, 10, 12 and 14 to the actual

experimental frequency responses of the microprocessor-based filters

depicted by Figs. 19, 20, 21, 22 and 23.

It is reminded that the microprocessor-based filters can readily be tuned,

by adjusting the sampling frequency w , so that the critical frequencies

coincide with the desired specifications.

13
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4.0 RECOMMENDATIONS

The successful preliminary investigation into the microprocessor realization

of the digital frequency selective filters provides a favorable possibility

for implementing a microprocessor-based on-board terrain roughness identification

system using digital filtering techniques. The following effort in line with

the investigation of microprocessor-based signal processing system in this

report may be pursued in the future:

• Implementation of microprocessor-based system with parallel processing;

* Use of 16-bit microprocessors;

• Use of fast arithmetic and support chips;

* Computer aided design package for the design procedures developed in

Section 5

• Implementation of the mathematical decision criterion for identifying

the terrain roughness and frequency content as suggested in [5].

Some of these efforts are currently underway.

15
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5.0 DISCUSSION

5.1 DESIGN OF DIGITAL FILTERS

The basic steps in the design of digital filters generally involve:

(i) the specification on the general characteristics of the filters;

(ii) the approximation and design consideration in attaining the specific-

ation;

(iii) the realization of the filters using finite precision arithmetic.

Step (i) depends mainly on the application of the filters while step

(ii) depends on the design approach adopted by the designer. Step (iii)

takes into account the limitations of digital devices, such as the finite

word length in a digital circuit or machine and the finite computational

speed.

The objective of this section is concerned with step (i-i) of the design;

step (iii) will be considered in the next section. In particular, the

design of infinite impulse response (IIR) digital filters (lowpass,

highpass, bandpass and bandstop filters) using analog filter formulas and

bilinear transformation will be presented in detail in this section.

While a digital filter may directly be designed

using pole-zero placement technique in the z-plane, a more traditional

approach is to transform an analog filter, based on the poles and zeroes in

the s-plane, into a corresponding digital filter satisfying a prescribed

specification. Some of the reasons for the latter approach include :

the straightforward convergence of frequency specification (in terms of

Hz or rad-s- ) for an analog filter into the frequency specification

(in terms of radian frequency, angle around the unit circle, or ratio

of frequencies) for the digital filter, once the sampling rate is given;

the utilization of the highly developed art in the design of a variety

of analog filters to obtain the corresponding digital filters (e.g.

Butterworth, Chebychev or elliptic filters)

the closed-form design formulas for analog filters which can be translated

17



to yield closed-form design formulas for the corresponding digital

filters. The closed-form formulas facilitate simplicity in the

realization of the filters.

There are many techniques for transforming or converting an analog

filter into a corresponding digital filter. One such technique is

the bilinear transformation which is described below.

18



5.1.1 DESIGNING DIGITAL FILTERS FROM ANALOG FILTERS USING BILINEAR

TRANSFORMATION WITH WORKING TO SAMPLING FREQUENCY RATIO CONSIDERATION

The design of digital filters from application of bilinear transformation

to the formulas of analog filters has been considered in literature such

as [ 6 ]-[ 7 1. Most of the design procedures in these literature,

however, do not include a systematic way for determining the gain(say, T )

in the bilinear transformation. As will be seen shortly, the transformation

gain T is closely related to the quality in the zero-order-hold reproduction

of a processed sampled data from an analog signal by a digital filter. To

ensure a desirable reproduction quality in the digital filter output, it is

important that a proper transformation gain is used in the design.

In this section, we present a systematic approach to the design of digital

filters from analog filters using the bilinear transformation which takes

the ratio of working or critical frequencies of the digital filter to the

sampling frequency into the design consideration. The approach provides a

straightforward procedure for choosing the transformation gain T and for

obtaining the desirable output reproduction quality in the digital filter.

The procedure is also well suited for use in computer-aided digital

filter designs.

BILINEAR TRANSFORMATION

For sampled-data signals, the Laplace transform (s-transform) can

be shown to be related to the z-transform by

sTz =e , (1)

where T is the sampling period. Using Pade's approximation [ 8 ], (1) can

be approximated by

sT 1 + sT/2
e s(2)

1 - sT/2

19



In general, one may redefine the mapping as

1 + sT/2
Z = (3a)

1 - sT/2

or

2 z- 1
S = , I(3b)

r z+l

where T is the transformation gain. Relationship (3) is known as

BILINEAR TRANSFORMATION.

The mapping of the s-plane into the z-plane by bilinear transformation

(s) is shown in Fig. 1, which can be constructed using the following

relationships.

Define (see also Fig. 1)

A ra~-I
W = analog frequency (rad-s),

W corresponding digital frequency (rad-s- ,
A rad=s-i

W= 27r/T = sampling frequency (rad-s),

OAtd
-=- 27 = wdT = radian frequency (rad).

s

(a) Using (3a), the frequency axis of the s-plane (the imaginary axis,

s = jW ) is mapped into that of the z-plane (the unit circle, z = ee)
a

as follows:

1 + sT/2
Z

1 - sT/2
S---j W a~ a

1 + ja T/2

1 - jW aT/2

A~l + ( W T/2) 2]eJtan-l(waT/2)a

-1
/El + (T/2)2 lejtan (-W aT/2)

a

20



j 2tan- (Wa r/2)

e j e (4)

Since e = - 27r = T, (4) yields
LU dS

mdr 2ta-lm
W dT 2tan (W T/2) (5a)a

or
2 n da =-tan(7 -- ) . (5b)

a T 0W
s

The relationship (5) represents the frequency warping or distortion

of bilinear transformation. The characteristic of the distortion is

depicted in Figs. 2 and 3.

(b) From (3a), the real axis (s = a) of the s-plane is mapped into the

z-plane as the magnitude of

1 + aT/2
Z = ,(6)

1 - GT/2

where a is real, and where it is seen that

-i < z < 1 for -- < a < 0

1 < z < - for 0 < a < 2/T

- < z < -1 for 2 < a < CO
T

It is clear from the above that the left half of the s-plane is mapped into

the unit disk of the z-plane.

Now, let G(s) denote the transfer function of an analog filter and G(z)

denote that of a corresponding digital filter. Then using bilinear transformation

(3), the digital filter can be obtained as

21



G(z) = G(s) (7)
2 z- 1
T Z +i

By the mapping of the bilinear transformation (Fig. 1), all the stable poles

of G(s) will be converted into stable poles in G(z). Consequently, the

bilinear transformation (7) always yield stable digital filters from stable

analog filters.

The effect of frequency warping or distortion (5) on the analog to

digital filter conversion (7) is illustrated in Fig. 3. The figure also

clearly reveals an explanation for the phenomenon of aliasings.

It is remarked that the transformation gain T for the bilinear

transformation (7) has not been specified. A systematic technique for

determining T is given in the sequel. The technique also automatically

compensates for the frequency warping or distortion.

DESIGN CONSIDERATION

The digital zero-order-hold (ZOH) reproduction of an analog signal

having a dominant working frequency wa (or correspondingly wd) depends on

the ratio wd/Ws. Fig. 4 illustrates the variation, with respect to the

ratio w d/Ws, by a sample and ZOH scheme! As can be seen from the figure,
the "quality" of the digital reproduction of the analog signal improves

with lower ratio of wd/Ws. It is, therefore, desirable to design a digital

filter whose working or critical frequencies are much lower than the

sampling frequencies. A first design consideration in a digital filter

design is to ensure that the ratio

0 < Wdws << .5 (8)

1 The microproessor-based sample and ZOH scheme is described in Section 3.

22



Remark 1: For simplicity and clarity, the above argument is approached

from time-domain point of view using visual exrerimental results. It may

be remarked that similar conclusions can be obtained using frequency domain

analysis [ 6 1. One also notes that (8) is in agreement to the Sampling

Theorem due to Shannon and Nyquist [ 61.

It is also important to observe the time delays in the digital outputs

in reference to the continuous signals in rig. 4.

Once the ratio wIdd/W s has been selected, one may define a factor R as

A d (Rtan -- T) , 0<•/s<.

a , (9)
2

where (9) follows from (5). Note that 0 < R < P. From (9), the transforma-

tion gain T is obtained as

2R
T = -- (10)

a

Using (8) in (3b), the bilinear transformation becomes

W a z-(

The above design condideration of first specifying a desired ratio

Wd/Ws thus leads to a systematic choice of the transformation gain T for

the bilinear transformation as shown in (11).

Using (11) as the basis for bilinear transformation, the conversion

of an analog filter G(s) with working or critical frequency wa to a

23



corresponding digital filter G(z) with working or critical frequency

"d' ,follows from (7) as

G(z) = G(s) (12)
W a z-1

S =R z+l

The bilinear transformation in (12) ensures that the desired

" d /w will be obtained.

Finally, it is important to note that the working or critical

frequency wd of the digital filter can be varied by simply adjusting the

sampling frequency w .

24



s - plane z -plane

jw a Im

"1 + sT/2
z = i - s7/2

"__a Re
0

N. .

0 ,.

d

w
S

Fig. 1. Mapping of s - plane into z - plane by bilinear transformation

a

w d

0 15 1 1 .5 w s

-tan w r T/)
T d

Fig. 2, Frequency warping in bilinear transformation
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Od/ls = 1/15 d/Ws= 1/7

Wd/Cs = 1/5 Wd/ sd -1/2

Wd/(Js= 1

Fig.4. ZOH Reproduction of Sinusoidal Signal with respect to Ratio wd/Ws.
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5.1.2 DESIGN OF DIGITAL LOWPASS FILTERS

The design of an n-th order analog Butterworth lowpass filter G LP(s)

with critical cut-off frequency w is given in Appendix A2. To obtainac

a corresponding digital Butterworth lowpass filter GLP (z), the following

systematic procedure may be used:

(a) Select the ratio wdc/W , where wdc is the desired critical cut-off

frequency of the digital lowpass filter (see Fig.3a).

(b) Obtain the factor R and transformation gain as

R = tan ( -dc 7)10
S

ac (13a)
2

or
2R =(13b)

ac

(c) Using the substitution described by (12), a corresponding n-th
1

order digital Butterworth lowpass filter is obtained as

G LP(z) =G LP(s) ac z - 1

R~ z - 1s"="R z+l

(z+l)n
=K

(z-pl)(z-p 2 ) ... (z-pn)

KG(z) (14a)

with (l+uiP)
Pi 1(14b)

1 (l-uiP)

and, for unity gain in the low passband,

Purther details in the manipulation are found in Appendix C.
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Rn
K=

(-u 1R)(-u 2R) ... (1-u R)
n

1
(14c)

G(1)

where ui are the poles of the normalized n-th order analog

Butterworth lowpass filter G LPN(s) described in Appendix Al.

Remark 2:

* Note that the digital filter is explicitly dependent on the factor R.

* The critical frequency will be determined by the sampling frequency

through the ratio wdc/Ws"

The gain K may be arbitrarily chosen if so desired.

Example 1: 3rd Order Digital Butterworth Lowpass Filter

Problem: Design a 3rd order digital Butterworth lowpass filter with

cut-off frequency wdc"

Solution: From Appendix Al, the normalized 3rd order analog Butterworth

lowpass filter is given by

1
GLPN (s) = , (15a)

where

uI = -1 (15b)

u2 = -. 5 + j.866 (15c)

u3 = -. 5 - j.866 (15d)
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Following the above procedures:

(a) Select wdc/ws = .1476 or w s = 6 . 7 7 wdc. With this ratio, the digital

ZOH reproduction of a sine wave at Wdc is approximately as shown in

Fig.5

1

0 CL dc

Fig.5

(b) R =tan(.14767r) =.5 (by choice of (a)) (16)

(c) 1 + (-l)(.5)
p1 = 3333 (17 a)

1- (-M)(5)

1 + (-. 5 + j .866) (.5)
P2= 1-(.+j.6)5)= .4286 + j.4949 (17b)

p=1 + (-.5 - j.866)(.5) 426-j44 *1c

1 - (-.5 - j.866)(.5)
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(.5)3
K=

(1 - (-l)(.5))(1 - (-.5 + j.866)(.5))(1 - (-.5 - j.866)(.5))

- .04762 (17d)

The 3rd order digital Butterworth lowpass filter is thus given by

.04762(z + 1)3
C~ (z) - _ _ _ _ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ _ _ _ _

LP~ (z- .3333)(z - .4286 - j.4949)(z - .4286 + j.4949)

.0 4 762(z3 + 3z2 + 3z +1)
3 2(18)

z - 1.1905z2 + .7143z - .1429

The theoretical frequency response of G LP(z) in (18), computed as

IGLP(eJwT)I versus w/wfp is shown in Fig. 6.

The recursive equation for the digital lowpass filter follows from

(18) as

y(k) = 1.1905y(k-l) - .7143y(k-2) + .1429y(k-3)

+ .04762[u(k) + 3u(k-l) + 3u(k-2) + u(k-3)] (19)

where y(k) and u(k) are respectively the discrete output and input

sequences of the filter. The microprocessor-based implementation of the

lowpass filter given by (18) or (19) is described in Section 3. An

experimental frequency response of the microprocessor-based 3rd order

digital Butterworth lowpass filter is presented in Section 4.
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Fig. 6. Theoretical Frequency Response of G p(Z) in (18)
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5.1.3 DESIGN OF DIGITAL HIGHPASS FILTERS

The design of an n-th order analog Butterworth highpass filter

9HP (s) with critical cut-in frequency w is given in Appendix A3. The

following procedure may be used to systematically obtain A corresponding

digital Butterworth highpass filter G H(z) from GHP (s).

(a) Select the desired ratio wdc/w s where wdc is the critical cut-in

Sr_ frequencyof the digital highpass filter-(see'Fig.3b).

(b) Set

mdc

R = tan (CW -d 70)
S

W T
a c. '1 (20a )
2

so that

2R (20b)

ac

(c) Using the conversion scheme (12), a corresponding n-th order
1

digital Butterworth highpass filter is obtained as

GHP(z) = GHP (s)

ac z-1
R z+l

K(z-l)n

(z-pl)(z-p 2 ) ... (z-pn)

A KG(z) (21a)

with

1 Details given in Appendix C.

34



1 + u iRPi uR (21b)

pi= i

and, for unity gain in the high passband,

1
K=

(1-u M)(l - u R) ... (1-u R)

1. 2 n

(21c)
=G(-l) '

where u. are the poles of the normalized n-th order analog Butterworth
1

lowpass filter G LPN(s) described in Appendix Al.

Remark 2 similarly applies to the above design of

digital Butterworth highpass filter.

Example 2: 3rd Order Digital Butterworth Highpass Filter

Preblem: Design a 3rd order digital Butterworth highpass filter with

cut-in frequency wdc*

Solution: From Appendix A3, the 3rd order normalized analog Butterworth

lowpass filter is given by

3
S

GHPN (s) = (22a)
(s - u1 )(s -u2)(s -u 3)

where

U,.= -1 (22b)

u2 =-.5 + j.866 (22c)

u3 = -. 5 - j.866 (22d)
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Following the procedures outlined above:

(a) Select wdc /s = .05 or ws = 20 dc" With this ratio, the digital

ZOR reproduction of a sine wave at w dc is approximately as shown in

Fig.7.

- /

Highpass

Wdc .25 W s

Fig. 
7.

(b) P = tan(.057) = .1585 (23)

1 + (-l)(.1585)
(c) p 1 = = .72637 (24a)

1 - (-I) (.1585)

1 + (-.5 + j.866)(.1585)
P2 1 = .82366 + j.23195 (24b)

1 - (-.5 + j.866)(.1585)

1 + (-.5 - j.866)(.1585) ,

P3 = = .82366 - j.23195 = P 2  (24c)
1 - (-.5 - j.866)(.1585)

Hence,
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K(z - 3
G p(Z) =
GHP (z - .72637)(z - .82366 - j.23195)(z - .82366 + j.23195)

K(z3 - 3z2 + 3z - 1)
23 (2 5 a)

z - 2.3737z + 1.9288z - .5319

with

K:= l/G(-l) = .72929 (25b)

The theoretical frequency response of "HP (z) in (25), computed as

G, C(ej T)f versus w/ws is shown in Fig.8.

The recursive equation for the digital highpass filter follows from

(25) as

y(k) = 2.3737y(k-l) - 1.9288y(k-2) + .5319y(k-3)

+ .72929[u(k) - 3u(k-l) + 3u(k-2) - u(k-3)] , (26)

where y(k) and u(k) are respectively the output and input sequences of the

filter. The microprocessor-based implementation and experimental

frequency response of the highpass filter (25) or (26) are described in

Sections 3 and 4.
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5.1.4 DESIGN OF DIGITAL BANDPASS FILTERS

The design of a 2n-th order analog Butterworth bandpass filter

GBP (s) with bandwidth BW and mid-band frequency w is given in Appendix A5.ao

From G BP(s), a corresponding digital Butterworth bandpass filter GB (Z)

can be obtained as follows:

(a) Choose wdo /ws , where wdo is the mid-band frequency of the digital filter,

so that (wdo + BW)/w << .5.

(b) Obtain

"w do
P = tan TO 7)

W0 Tao (27a)

2

or
2P•
2 = - (27b)

ao

(c) Invoking the conversion scheme, a corresponding 2n-*th order digital

Butterworth bandpass filter can be obtained as 1 ' 2

G (z) (s)
BP BP

2 z-1

T z+l

K(z 1)n(z + 1)n
, * ( 2 8 a)

(z- pl)(Z - pl) ... (z - pn)(Z -pn)

* denotes complex conjugation.

2 Details of manipulation is given in Appendi: C.
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with

A (2/T + c.)
Pi A i(=/ , ... ,n, (28b)

(2/T - c.)
I

A BW
1 2 i- ao (28c)

(BW)n(2/T)n
K= , , (28d)

n (2/T - c.)(2/T - c.)i•I 1 1

where T is given by (27).

Remark 3: The design of the bandpass filter (28) assumes that

IBWui1 2 << 4wao (see Appendix A5). This is equivalent to considering a

bandpass filter with a high Q-factor (the ratio of the midband frequency

to the bandwidth), i.e.,

Q A > 1. (29)
BW -

A
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Example 3: 6th;- Order Digital Butterworth Bandpass Filter

Problem: Design a6th order digital Butterworth bandpass filter with

bandwidth of BW = 27 x 20 rad/s and midband frequency of

Wdo = 27 x 20 rad/s. (Note the Q-factor = W0 = 1.)
BW

Solution: From Appendix A5, a 6th order analog Butterworth bandpass

filter having the above specification (BW - 27 x 20,

W ao = rdo = 27x 20) is given by

3 3
(BW) s

GPs) (s C )(s- c)(s - c 2 )(s - c 2 )(s c 3 )(s - c3 ) (30a)

with

* (21 x 20)(-l)
C1' c1 = + j27 x 20

2

= -207 + j 4 07 (30b)

(27 x 20)

c 2 , c 3  (-.5 + j.866) + j2T x20
2

= -l0T + j57.32w, -101 - j22.687 (30c)

c2 , c 3 = -l0w - j57.32w, -107 + j22.68iT (30d)

(a) Select w = .2 or L -- 5w do* With this ratio, the relative

position of the passband with respect to the sampling frequency is

approximately as shown in Fig. 9.
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7 BW sampling
frequency

0 .
0 10 20 30 50 100 Hz

Fig. 9. BandPass Filter

(b) R = tan(.2T) = .73

2
1.1T.2 (31)T

, 172 + (-207 + j407r)(c) P1 ' P1 = = = 6 2 4 6e+jl'3476
172 - (-20Tr + j40Tr)

= .1382 + j.6091 = .14 + j.61 (32a)

, 172 + (-lOR + j5 7 .327) +P'2' p2 = -- "8409e-+ "62
172 - (-107r + j5 7 .32).

= -. 0519 + j.8393 = -. 052 + j.84 (32b)

, = 172 + (-10 + j22. 6 8 7r) -8194

3 172 - (-l0T + j2 2 . 6 8 wr)
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.4996 + j.5348 = .50 + j.53 (32c)

2 2 * c 266352
(T ~ c))(

2 ) - 2) = 271.682

- - c) = 215.542

(27T x 20)3(172)3

266.352 x 271.682 x 215.542 .0415 (32d)

Hence,

0.0415(z - 1) 3(z + 1)3
GB (z)

BP (z - .14 - j.61)(z - .14 + j.61)(z + .052 - j.84)(z + .052 + j.84)

1
x

(z - .5 - j.53)(z - .5 + j.53)

0.0415(z - 3z4 + 3z - 1)

6 5 4 3 2(z - 1.176z + 1.7778z - 1.3219z + 1.0035z - .3611z + .1473)

(33)

The theoretical frequency response of CBp (z) in (33), computed as

-IGBP(ej T)I versus wlws, is shown in Fig. 10.

The recursive equation for the 6th order digital bandpass filter follows

from (33) as

y(k) = 1.176y(k-l) - 1.7778y(k-2) + 1.3219y(k-3) - 1.0035y(k-4)
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+ .3611y(ýk_5) - .1473y(k-6) + .0415u(:k) - .1245u(k-2) + .1245u(k-4)

- .0415u(k-6) (34)

where y(k) and u(k) are respectively the output and input of the

filter. The microprocessor-based implementation and the experimental

frequency response of the bandpass filter (33) or (34) are given in Sections

3 and 4.
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Fig. 10. Theoretical Frequency Response of G BP(z) given by (33).

45



5.1.5 DESIGN OF DIGITAL BANDSTOP FILTERS

The design of a 2n-th order Butterworth bandstop filter G BS(s) with

bandwidth BW and midband frequency w is given in Appendix A6. Usingao

GBS (s), a corresponding digital Butterworth bandstop filter GBP (z) can be

obtained as follows:

(a) Choose wIdo/s, where wdo is the desired midband frequency of the

digital filter, so that (wd + W)/w << .5.

(b) Obtain

•do aoT
R = tan 7d)=W ao T (35a)

S

so that

2R
T .ao (35b)

(c) Using the bilinear transformation, a corresponding2n-th order

digital Butterworth bandstop filter can be obtained as

C (z) (s)

BS ES

2 z-1
t z+l

K zo- nz -izln
K(z- (z -

* 0 (36a)
(z - p2(z -pl) .. (z -pn)(z -pn)

where

A 2/T + C i
pi = (36b)

2/T - c.

A BW

A= --2 u±i - a (see Appendix A5) (36c)
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2 2n[(2/T) 2 + W 2o]

K A , , , (36e)
(2/T - c1)( 2 /T - cI) ... (2/ - cn)(2/T - c )

zc = (2/ - jw ao)/(2/1r + jw) * (36f)07 a

Example 4: 6th Order Digital Butterworth Bandstop Filter

Problem: Design a 6th order digital Butterworth bandstop filter with

BW 21r x 20 rad/s and midband frequency of wedo = 27 x 20 rad/s.

(Note the 0-factor = wdo/BW = 1.)

Solution: From Appendix A6, a 6th order analog Butterworth bandstop

filter having the above specification (BW = 27 x 20 and

Wao = do 2r x 20) is given by

(s2 + 2 )3
%S ( (37a)

(s c 1l)(S - Cl1)(S - C 2)(S - c 2)(s -c3)(s - c3)

CV, c1 = -20Tr + j40Tr (37b)

c 2 , c 2 = -10T_ + j57.32T (37c)

c3 , c 3 = -10T + j22.68ir (37d)

We note that ci in (37) are the same as those of (30) due to certain

similarities in the design specification of Examples 3 and 4. For

convenience, let us also choose the design variables as in Example 3.

That is:

(a) w do/w s = .2. With this ratio, the relative position of the stopband

with respect to the sampling frequency is approximately as shown in

Fig. 11
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.7 t BW sampling

frequency

0 1
0 10 20 30 50 100 Hz

Fig. 11. Bandstop Filter

(b) R = tan (.27) .73

2/T = 172 ; (38)

(c) Pit P1 = .14 + j.61,

P2' P2 = -'052 + j.84 (39)

P3 ' P 3 = .50 + j.53
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C 2 - C 266.35 2
T T

2 2 2
:. - c Cý - C 271. 68 (40)

2 2 215. 54 2
T C3) (-:T: - c3)

In addition, we compute

2 2 2 2 2
+ W 172 + (2Tr x20) 45375 (41a)

ao

so that (36e) yields

45375 3
K 2 2 2 = .384 (41b)

266.35 x 271.68 x 215.54

The zeroes specified by (36d) are given by

zo 172 + j2Tr x 20 e-jl.2619 .3040 j.9527 (42a)
172 - j2Tr x 20

Z-1 3040 + j.9527 (42b)0

From the above, the corresponding 6th order digital Butterworth bandstop

filter is obtained as

.384(z - .3040 + j.9527) 3 (z - .3040 - j.9527) 3

BS (z) (z - .14 j.61)(z - .14 + j.61)(z + .052 - j.84)(z + .052 + j.84)

1
x

(z - .5 j .53) (z - .5 + j .53)
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.384(z - 1.824z5 + 4.109z4 - 3.873z3 + 4.109z - 1.824z + 1) (43)

6 5 4 3 2_z 1.176z + 1.7778z - 1.3219z + 1.0035z - .3611z + .1473

The theoretical frequency response of G BS(z) in (43), computed as
JwT BS

GBS(e ) versus w/ws is shown in Fig.1 2 .

The recursive equation for the 6th order Butterworth bandstop filter

follows from (43) as

y(k) = 1.176y(k-l) - I.7778y(k-2) .+ 1.3219y(k-3) - i.0035y(k-4)

+ .3611y(k-5) - .1473y(k-6) + .384[u(k) - 1.824u(k-l) + 4 .109u(k-2)

- 3.873u(k-3) + 4.109u(k-4) - 1.824u(k-5) + u(k-6)], (44)

where y(k) and u(k) are respectively the output and input of the digital

filter. The microprocessor-based implementation and the experimental

frequency response of the bandstop filter (43) or (44) are given in

Sections 3 and 4.
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Fig. 12. Theoretical Frequency Response of G s(z) given by (43).
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5.1.6 A FURTHER EXAMPLE

The effect of pole variation in the filter may be vividly illustrated

by considering the following example.

Example 5: 3rd Order Digital Chebychev Lowpass Filter

Problem: Design a 3rd order digital Chebychev lowpass filter with cut-off

frequency wdc' having a ripple factor r = 1 db. Similar design

considerations for Example 1 may be used.

Solution: Let a 3rd order analog Chebychev lowpass filter be denoted by

K
CLpc (s) a (45)(s - u')(s - -

1 2 3us

where the poles u', u' and u' may be determined as follows.
r h2 3

The specification of the filter translates into the frequency response

sketched in Fig. 13.. The ripple factor

r= 1

1

= 20 log(l) - 20 log( 2

2= l0 log( 1+ ), ( 4 6 a)

so that

/-= lr/l10-- 1

= .5088 ,(r = 1) . (46b)
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gain gain (db)

0T log w1/ I

r db

Fig. 13. Chebychev Lowpass Filter

Let n = 3 denote the order of the filter and define

a = - sinh ( I )n E:

= 1 n 1•2 1) + 12

=_1 ln(- + 1- +1

3-n ( .5088 .5088 + 1 )

= .4760 , ( 4 7a)

so that
a -a

e -e
tanh a =

e + e

= .4430 . (47b)

The poles of the analog Chebychev lowpass filter may be treated as

being the poles of the analog Butterworth lowpass filter whose real parts

are reduced by a factor of tanh a. Using the values of ui in Example 1,

the poles of the "normalized" analog Cheybechev filter (45) can hence be

determined from

53



u' = Re {u.} x tanh a + jlm{ui}" (48)

as

u1' = -. 443 ( 4 9a)

U' = -. 2215 + j.866 49b

u3' = -. 2215 - j.866 . (49c)

Using relationship (14b), the poles u' in the s-domain can be mapped into
i

the poles in the z-domain as

(I + u'R)
P! =" (50)

(1 -u!R)

With the same choice of R as in Example 1 (i.e., R = .5), we obtain

1 + (-.443)(.5)

Pl 1 - (-.443)(.5) .644 (51a)

1 + (-.2215 + j.866)(.5)
P = .8269e .563 + j.609 (51b)2 I - (-.2215 + j.866)(.5)

P = P = .563 - j.609 (51c)

Hence, a corresponding 3rd order digital Chebychev lowpass filter can be

obtained as

K(z + 1)

GLPC(Z) = (z - p')(z - p')(z - p (52)
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K(z + 1)3

(z - .644)(z - .563 - j.609)(z - .563 + j.609)

K(z3 + 3z2 + 3z + 1)

(z - 1.77z2 + 1.413z - .443)

AKG(z) (52a)

where for unity gain at the low frequency

1 .2
K - .025 . (52b)

c(1) 8

The theoretical frequency response of G LC (z) given by (52), computed

as IGLPc(eJ wT), versus w/0s is shown in Fig. 14.

The recursive equation for the 3rd order Chebychev lowpass filter

follows from (52) as

y(k) = 1.77y(k-l) - 1.413y(k-2) + .443y(k-3)

+ .025u(k) + .075u(k-l) + .075u(k-2) + .025u(k-3) , (53)

where y(k) and u(k) are the output and the input of the digital filter.

The microprocessor-based implementation and experimental frequency

response of the digital Chebychev lowpass filter (52) or (53) are given in

Sections 3 and 4.
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Fig. 14. Theoretical Frequency Response of GL~Ic(Z) given by (52).
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5.2 MICROPROCESSOR REALIZATION OF DIGITAL FILTERS

The microprocessor firmware for implementing the digital frequency

selective filters designed in Section 2 is described below.

Fig.15 shows the block diagrams of the hardware for the microprocessor-

based signal processing system used in the realization of the digital filters.

The CPU of the system is the Motorola MC6802 microprocessor, which is

supported by 2716 EPPOM (monitor program), 6810 PAM's, 6821 PIA's, keypad,

L.E.D. display and interfacing buffers to form the microcomputer called

MOUSE1 (see Fig.16 ). The microcomputer operates at a clock rate of 1 M-z.

The data acquisition unit is the Datel MDAS-16 multiple (multiplex)

channel 12-bit A/D converter with a conversion time of about 20 ps per data.

A Datel Hzl2BGC 12 bit D/A converter with a settling time of 3 i's is used

as a zero-order-hold output of the microprocessor-based system. The inter-

face between the 8-bit MC6802 and the 12-bit I/O (A/D and D/A) peripherals

are done through 6821 PIA's (Fig.17). The software (< 1k bytes) for the

digital filters are stored in the external 2716 EPROM. The additional

2114 RAM's provide handy facilities for debugging and immediate alterations

of the software if desired. The wiring diagrams for the microprocessor-

based signal processing system is shown in Pigs. 16 and 17.

1 Acronymn for Microcomputer of Oakland University School of Engineering.
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The main consideration in the micronrocessor software for the digital

filters involves the development of fast and efficient arithmetic subroutines,

the scaling of the recursive digital filter equations, the handling of

saturation and some memory management.

A fast 3 bytes x 1 byte multiplication subroutine with an execution

time of about 96 Ps was developed for the digital filter implementation.

Other main subroutines include a 3 bytes + 3 bytes summation

(about 85 ps), transfer and negation of 3 byte data. Details of these

subroutines are given in Appendix B.

In order to minimize the occurrence of saturation (overflow or underf low)

in the finite wordlength data (3 bytes or 24 bits), the recursive formulas

for each of the filters will be scaled in a fashion similar to those done

in an analog computer simulation. The scaled recursive equations for the

digital filters from Examples 1 - 5, are shown in Table 1.

It is remarked that the forward gains K of the filters may be reduced,

if necessary, to achieve a proper scaling which will not saturate the filter

output. Alternatively, the output saturation can be handled by use of

overflow test instructions in the microprocessor software.

The 6802 microprocessor software for implementing the digital

frequency selective filters described in Table 1 are given in Appendix B.
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MOUSE

I I I6810 6802 6821 '
RAM CPU PIA N6A

15 BUFFER ME YAD

5DISPLAY

input iioutput

rIA/ D PIA P A EPROM RAM PD/AA:

Fig. 15 Block Diagram of Microprocessor System
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Table 1: SCALED RECURSIVE EQUATIONS FOR THE DIGITAL FILTERS

Butterworth Low-Pass (Example 1)

.84y(k) = y(k-l) - .6y(k-2) + .12y(k-3)

+ .04u(k) + .l2u.(k-1) + .12u(k-2) + .04u(k-3)

Butterworth High-Pass (Exam~ple 2)

.4213y(k) = y(k-l) - .8126y(k-2) + .2241y(k-3)

+ .3072u(k) - .9217u(k-l) + .9217u(k-2) - .3072u(k-3)

Butterworth Band-Pass (Example 3)

.5625y(k) = .6615y(k-1) - y(k-2) + .7436y(ký-3) - .5645y(k-4) + .2031y(k-5)

-*.0829y(k-6) + .0233u(k) - .0700u(k-2) + .0700u(k-4)

.0233u(k-6)

Butterworth Band-Stop (Example 4)

.5625y(k) =.6615y(k-1) - y(k-2) + .7436y(k-3) - .5645y(k-4) + .2031y(k-5)

-. 0829y(k-6) + .216u(k) - .394u(k-l) + .8875u(k-2)

-.8366u(k-3) + .8875u(k-4) - .394u(k-5) + .216u(k-6)

Chebychev Low-Pass (Example 5)

.565y(k) =y(k-l) - .7983y(k-2) + .2503y(k-3)

+ .0141u(k) + .0423u(k-l) + .0423u(k-2) + '.0141u(k-3)
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5,3 EXPERIMENTAL FREQUENCY RESPONSE OF MICROPROCESSOR-BASED DIGITAL FILTERS

The experimental set-up for recording the frequency response of the

microprocessor-based digital filters is shown in Fig. 18 . The test input

u(t), generated by the voltage controlled oscillator, consists of a constant

amplitude sinusoidal signal whose frequency modulates or sweeps (sufficiently)

slowly from low frequency to high frequency and vice versa, i.e.,

u(t) = A sin wt

where the frequency w is controlled by a triangular or saw-tooth signal w(t).

The digital output of the filter is recorded on a storage scope whose

horizontal axis is driven by the same w(t). From the set-up, one can

experimentally determine the frequency responses of the microprocessor-based

digital filters. Figs. 19-23 show the actual experimental frequency

responses of the microprocessor-based 3rd order filters designed in the

examples of Section 2.

For comparison, the - critical frequencies of the theoretical

filters and the implemented microprocessor-based filters are tabulated in

Table 2. As shown in the table, the specification of the filters in

terms of wdc' Wdo and BW have been met satisfactorily.

It is important to note that the critical frequencies wdc and wdo

can readily be altered by simply adjusting the sampling frequency w .

There is, however, an upper bound on the maximum possible sampling frequency

which can be used for the filter due to the finite speed of the microprocessor.

Nevertheless, the design specifications concerned in

the present investigation can be satisfactorily fulfilled by the current

generation of 8-bit microprocessors. For more stringent design specifications,

one may resort to the new generation of 16-bit microprocessors and/or

use of high speed arithmetic logic chips.
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W(t) u(t) A sin(wo(t)+ý)
•_• ___iw(t) "'W(t)

Signal - -71 Voltage WW wt Microprocessor y(t)

Generator Controlled -Based
Oscillator Signal Processor

(Digital Filters)

Storage Oscilloscope

yI

1.6

Fig. 18 Experimental Set-up for Measurement of Frequency Response
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Fig.19 Experimental Frequency Response of MicrDprocessor-

Based 3rd Order Butterworth Lowpass Filter Gip (z), (Example 1).

Fig.20 Experimental Frequency Response of Microprocessor-Based

3rd Order Butterworth Highpass Filter G HP(z) (Example 2)
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Fig.21 Fxperimental Frequency Response of Microprocessor-Based

6th Order Butterowrth Bandpass Filter GBP (z) (Example 3)

Fig.22 Experimental Frequency Response of Microprocessor-Based

6th Order Butterworth Bandstop Filter GBS(z) (Example 4)

68



Fig.23 Experimental Frequency Response of MicroprocessoryBased

3rd Order Chebychev Lowpass Filter (Example 5)
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Table 2. Critical Frequencies of Theoretical and Microprocessor-Based Filters

Cut-Off or Frequency at

Digital Sampling Cut-In Attenuation Remarks

Filter Frequency Frequency = 0.1

W s (Hz) Wd (Hz) W 0 1 (Hz)

3rd Order Theoretical 200 30 52

Butterworth

Lowpass Experimental 200 27 49

3rd Order Theoretical 200 29 44 The cut-off rate is
Chebychev faster than that of

Lowpass Experimental 200 27 45 the Butterworth filter.

3rd Order

Butterworth Theoretical 200 10 5

Highpass Experimental 200 9.5 5

First

Digital Sampling Midband Aliasing

Filter Frequency Frequency Midband Freq. Bandwidth Remarks

W (Hz) ,,0 (Hz) i (Hz) BW (Hz)

6th Order
Theoretical 100 25 75 7.5 wo/ws = .25Butt erworth ___________ o~ 2

Bandpass Experimental 140 28 100 17 wo/ws = .2

6th Order
Theoretical 100 20 80 14

Butterworth

Bandstop Experimental 104 16 78 16
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APPENDIX A

SUMMARY OF ANALOG BUTTEPWORTH FREQUENCY SELECTIVE FILTERS

Al. Low-Pass Filter G CLPN(s) with Normalized Cut-Off Frequency'(a = ):

G (LPN(s)= (Al)
(s -u 1)(S - u2 (s -

whereI1 ui, i = i,.., n, are the stable poles which lie on the unit circle

in the s-plane as shown in Fig.Al.

s -plane s -plane

1 u)

-0, -11 */2• , 0
W

2

0 

u 3

n n

n = odd (e.g., n=3) n = even (e.g., n=4)

Fig. Al. Pole Locations of Normalized Butterworth Lowpass Filter

We note that complex poles must occur in complex conjugate pairs in order

for the filter to be physically realizable.
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A2: Low-Pass Filter GLP (s) with Arbitrary Cut-Off Frequency w :LP ac

To translate GLPN (s) into GLP(s), one substitutes s/wac for s in

(A..I) and obtain

G () ac ac ac

(s - WacUIa (s - Wac2 U 2c(s - Wac n (A.2)

A typical set of pole locations of G LP(s) is shown in Fig.A2.

Fig. A2. Pole Locations of Butterworth Lowpass Filter with w a (n = 5)
ac
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A3: High-Pass Filter G (s) with Normalized Cut-In Frequency (w = 1):
HPN ac

To translate G LPN(s) into G HPN(s), one substitutes 1/s for s in

(A.1) and obtains

(HPN (1---su 1 )( - su) (- su)
1 2 n

(-I/u 1) s (-I/u 2) S (-i/un) s

(s - /u1) (s.- 1/u2) (s - 1/u)2 n

(A.3)
(s - uI) (s - u2) (s- u )

where the last equality follows from the fact that 1 /ui = ui, uii =I

and ui occur in complex conjugate pairs. A typical set of poles and zeroes

for GHPN(s) is shown in Fig.A3.

Fig. A3. Pole-Zero locations of Normalized Butterworth Highpass Filter. (n = 3)

A. 3



A4: High-Pass Filter G HP(s) with Arbitrary Cut-In Frequency wac

To translate G HPN(S) to HP(s), one substitutes s/wac for s in (A.3)

and obtains

s s s

G (S) = - . .• ..
HP (s - acU) (s - acu2) (s - Wac n

where a typical set of poles and zeroes for GHP (s) is shown in Fig.A4.

s - plane

ac 0 ac

Fig. A4. Pole-Zero Locations of Buttetworth Highpass Filter with w ac (n = 4)
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A5: Band-Pass Filter G BP(s) with Bandwidth BW and MNdband Frequency w :BP ao

A high Q-factor will generally be assumed, i.e., 0 w w /BW > 1.
ao -

To translate GLPN(s) to GBP(s), one substitutes

1 2 + W 2
ao for s in (A.1) and obtains

BW.s BW.s BW.s
a (S) = _ _BP~s 2 2 2 2 " 2 2

(s--:BWus+w 2 (s2 BWu s + ) (s - BWu s + )
1 ao 2 ao n ao

BW.s BW.s BW.s

(s - pl)(s - ql) (s - p2 )(s - q2 ) (s - pn)(s - q')

BW.s BW.s BW. s
, , . , (A.5)

(s - c1)(s - c ()2) -c)(s -C) (s- c )(s - c)

where

A BW (BWu.)2  2

i- 1 ao

which may be approximated by

* A BW
ci i = 2- ui - aoCf 1 ~-u 1  ao

for a high Q-factor. A typical pole-zero location of GBP (s) is shown in

Fig. A5.
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1 •ao

BW/2 s - plane

c•

C*
-23

BW/2

C . a

Fig. A5. Pb1e-Zero Locations of Butterworth Bandpass Filter with

Bandwidth BW and Midband Frequency wa

S aao

BW/2 s - plane
c 

3

0

c*
.3

BW/2

c* Wi1 ) aao

c*2

Fig. A6. Po-le-Zero Locations of Butterworth Bandstop Filter with
Bandwidth BW and Midband Frequency w

ao"
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A6: Band-Stop Filter G BS(s) with Bandwidth BW and Midband Frequency :aBS ao

A high 0-factor will similarly be assumed, i.e., O A a/BW > 1.

To translate GHPN (s) to GBs(s), one substitutes
HP Bs

BW .. -. 2 for s in (A.3) and obtains
s5-. +tW

ao

2 2 S2 2 2 2
(s + W) ( + 2 (s + W)

( ao ao ao

(s -BWu1s + W ) (s -BWus2+ ) Ws2 -BWu s + w)1 ao 2 ao n ao

(s+j ao )(s-j ao) (s+jw ao )(s-Jw ao) (s+j )ao)(s-Jw ao)

(s - cl)(s - C) (s - c2)(s - c2) (s - Cn)(s- Cn

(A.6)

where ci are as defined for (A5). A typical pole-zero location for GBS(s)

is shown in Fig. A6.
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- -- - -APPENDIX -B--

MICROPROCESSOR_ PROGRAM4S FOR DIGTAXL FREQUENC SELECTIVE F~tTERS.

00013 :,I:DL-Tl.M EQU VX0' ~
011-9C, DN:I:-Tli4 EOU X 'd C

0 )1)E DE:'T! TNI ~E CL U ' V )'C
OL11.9 CIHN( E.7QLiJ X' 19

0090 OR' x3 I A 0
A80G C.EA~900 iMfIVLK LOX X AYA9IY 0 0

A8~~93 D)Foo S*TX J'00'
A905~ CE01GO LOX AVIC

Oi8f~ff OFOC STX i)qTT.N
A00IA )EOO LO V00'
A89 D;FOA , ST X ' TNIT
Q~u DO( MDVBY:YT LOXJ rX I 7:'

AHIO~ ~ ~ ~ A60LDAXo0
AL12 W N

Q 3 :1 1 F 0(A SX TNTAI
:;= DEDiC LXTS

A817 A701 WAAWOV

001 "C. F Cp ox* 1 /

AMC 205 a~ aEU
AHL 18:::,%N
AHI DFOC SJDSI

Ai823 ~ iEE: 06 sWL



PACE 2
eseQi? d.80: 0 -iC: E a I SE3: F=m10:. 1- F- m '~E: 1..

A8C24I 7F00iOJ5 MULTI CLR X'15'
'1:I27 7FU13;6 CLR X'16'
,dý2A 7F70017 - CLR X'17' _____

Ai820 EOO-O
A830 06:10 -LDAB X'10'.
P.832 7700:11 SNEI.1. ASR. X'1:'
A8~35 760012 ROR X-12' _____

-- A838- 580L 'ASLEB
P13 242 CC BCC 1.1.

AW3E 96:13 LDAA X-13"

,3iq*2 97:17- STAA X'17'
:~1-4'~6L2LDAA X'12'

i('I'~6 9916 ADCA X-16:.
-A,8- 97-16 '1--- SA X-' I1&'

A fA 961:4 *LDAA X'1:L1
84.&C 9915 ADCA X'15'

1-'-051 26D1? BNE E:NE:L I1
AJSri3 : 39 RTS

Al5 .6f0 fLDMftAA Q)0X
3A85 97:10 STA~A X'10'

A858 A600 LDAA X'00'YX.

A C62 9713 BTAA XV 1.3'-SYr-x XTtEMiP
A6 6 '.E:DAf32'1 LJSR JiLrif 1

AB69 E)EOE: LQ)X XE-
006B: 96:1;5- LOA-A X'1 5'

- A86D A766 SI*A A X ,Qa YX-

043~6F 96:16 LDAA X'161
(4f871. A71.8 ST*AA x 1E' ,X
A87. 96:17 LDAA X' 17'
A13:75 A728 -ST AA X '2'CV ,X
A877 9CIOC CPX DE:ST~rN
(i "79 2703 F- (2 CUT,.
A078 OE) INX
A87C 2OD6 BRA MJL.

k~3 7E 39 'OLJTI RTS

___ .A87F 7F-002F SUM CLR X'2FJ
- 7F 0IF 0'L X' F .0 --

A885 7F70 0-qF CLR *X','+F'
"B883~ 09 DEX

1-0. 3 08 .-EEl 0 INX
~~~~~ - LtATFX~P -

Pi 8C AE:120 ADDA X'20'rX
STAcA X '4F'

A8~90 963F LDAA X'3F'

8~94 9 31- 3rAA X' 3F'
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iiEj--C: j::2i-; r $9 C"JI'46e .3 IM lE-C 04:S E3IE Pl10 1- IEF- 1--<.F IE L;

A8~96 9621- LI,,iAA X '2F'-
f(.f3'8 0111,00 A[)CAWk.X*'ATO'

01:1A _,",_ - s~rA X 2F '
89C, 9C,0 C CPX OESTIN

* ~ E9.......E9.BNE E.NE1 0.. . .. . .-

A (psil. 6020 MNEGATE NEG X 1201 YX
A k IJ3 A.186 0 0 LIDAA tX -00'

8A~7 ATI ii 6TA(A X'I10 ' X
39 600 LbDAA #X'00'

m0~.AE A2 00 SIECA X' 00 ';
Ab-,D (4700 Z3TAA -6 X'00 '!

3. 0 9621: TRANSF*. LDA4A X '2F'.113:2 A70'0 S T AA X'00' ~X
00.1 96,31-- LIMA X' 3171

c3Ej:/, A71.0 'T A A X`10' X
_____ - i3bBE 9640- LDAA X ' 'IF

Al___-iEcA A720 STAA X '2.0' X

- i C3 '7"-0 1 -.' .'3L 1 CLR X1 8001. 1
A :3 C3 7F-1300l9 . CLR X' 1 80 91

AB'1 - 1-- 80 ICl-R X 1800B I
- . 19 86.r` . . LDAA * :I: F:''

~1 C E~7ioc' STAA X ** 0 0C

A U- -1.) .:.fl . CLRA..
AkID2 E-179008 3'T AA X18008,
/A,3D .6~ 60 F L)A6- *OX I OF'

D~ D7 11E:780QDA *.STAA X 1.8Q0A~ I --.

:'UA ~63' .LIAA- IX 13,91
A tDC- E:7800.1. STAA X 80 0 1
A. 8IF B78Ot)C3 . STAA 80:'______

3 --2 1:3781J0c 09sTrAA X 80091
31-5 86,2C LDAA OX 2.C'

'~~I:E ~ ci... MJIT..T ":T AA X' ~110 1 . - ~
P1Ef) 7[7001.1 CL.R X 1 11 1

* Af3FO* D72 i. 2-SYAE: X1 12,
_____ ~3f2 -7F01.3 - CL.R X 1.1.3'_

('I(3F5 8DA818-4 uSR MUL7L1
(~ff339 *RrS

f ot4o E:FrIO LE LDX IDLTIM
* -Fk~ ~9 IDLI. DEX.
______ ~ 26FD ~ EBNE. IDLIt......-..

(~t~F 'JYRTS
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(A8FF OR(. X'A900'

AcVD2 871300A STAA X'800A'
A 7 0 5 CIE:0 0 "E: LOnX OX '002'E.

_A_038: E:DIASE-0 J3E.- IFRAtMSF
8.LDAAI X 180013U'

A90E 9725 ~ STA(A X'25'
A i91 0 F63K. 68 A -DE. -X'800A'. -

r-VW13 C171.5 srt-,B X' 35'

1'Y9 %13 DFCi:u .31X ME-3TI1N

AX3
'9I) ClUO r C2 E LOX 4I:X0 02H'

"90 t::i)o 6T DESIFIN!
f"19'22 C E' L2 9 LDX *X0 0O28'

6'9: 2'.:: Ll")ew X<'Z '.-

A~92A 97*22 STAA X' 22'

-. . .rA9.2E .97'32 S . STA A X '32'

A 9 110 ?,-' 1 0:2.16 I'DX *X ,l ' 0026

019'": J:19 RTS

P"V2 '6.:... ! D 02. 1L)AA X'2F.'..
A94*4 D63F L.DAB X' 3F'
A9146 UBFECRA 41)(' 7F'

____0018-f C8FQI-.. -- E.QR.QI' O
A4A4j 8.73001) U Sl'AA X'8000'

A-9-iD F*730 02 STAB X'800*2'-

-6950 CEOQOD LOX *X'- 0 0 01
A953 A621 UPYU LOAA X'21.'pX

A9',57 A720) S)TAA X '20' -'X
.A959 E730 STAB X'30.'vX

-- 95D 8 a - -- NX ___ ___

A95C SCt3005 CFX :j>X'0045'
A95,F 26F.I FSNE UPYU

A~961 CE 0 0-,/ LOX #X' 0024''
AY64 *DFOC STX DESTIN
A 966 C'E-:0Oi 02 LOX.A#X'0020'
40696 RDAF34: .JfR MJL.
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M3CCc.F:'D-<.o-;-mr 4:se. o i-- E.I E-". iE:LEEF;: iF:- A7

A96F E:[A8A1. JSR NEGATE"

A973 C&EOOIO CLRTrtM LDX *.X'OOI.D'
A~976 6FltF CtCCCCC CLR X'iF' 3vX

___ .A-5713. 6FZF CUR X!2F't.X
A7.61-3F CLAR X '3F' !'X

A97C 65F ",R X' 5F , X
(. 97Ei 6F*6F: CLR X'61:7' vX
A9(30 WF~i CL.R X'7F1 vX

DLX
A93 260 ENE C Cc'.ý.

A~98.5 f.EIOD 0£ 'LLDx J 0 ii::
A1,108 D F--)0 S*TX :IDLrTMr
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LOClW PASSq l--'TI-TI:'l :1

AM~OL SE07FF LOf:ASI LDS :IX' 07FF'

A~991t E:DA8E:Et CO)LD JSR jP*]SUJI
A~994q BDIA9'2 LP JSR HIL.OI

?_~2Z_ CEO'22E - LDX.__..tX,'0O2E'
A99A DFCC STX DESTIN
A9W9C CE002f) LDX *X'002D'
AY~?F SDA87F. JSR -SUJM
AVA(2 E:rDA9-ff2 lJsIR Fit-lIL[)
AlA%5 (.:.)AF9 *.JSR ICDLE

___ (13 2VE A B:RA± LP
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iJlC: Jr-(I.--N.C31 P F 4-'*:O 0 F0JEE*h. is IC- " --I--

jAf,~ 9AADA973 L~Oo(Yr JSiR DA. TrIM

A9AF 97~50 STAA Xs 50

A-9BE3 975,4 STA X',54,'

A1471~5 !.: AL( LDI) A il I DA0

A911E: 869A~ LDAA :1-X'~9A'

AM 9E F 86 :1.9 LDAiA :I:X' :L9-'
AM"C~ 975'6 STA~A XON
AVC3 :39 T



il-iIC:J:!E)ii-M-(T 4631:00 cc!3<_ E :

(z' C-I-JBYCHEY LOWFASS FILTER

A~9(7 OW-E - 1-DAA :fX'3E' -

AYC9 V75r0 STAA X"50'
_____- ýU. E*.AC 36LZC LDAA AX' Cs'-.-.-------.

tA9CF 86:t0 LDAA *X':10'

A903 97554 StAA X'55~'
=5 2 630 LDA t'30

P00VL7 ? ?,r-,,3 . TAA .X'5~3'___

(.'i.F 29)80 Bi.RA GOLO

________ ~~B.8______



Mi M C. a-," d-ý kc Xr 46& *a' 0 0 3'- o s1<S 3 lEM II E: L- lEE-. F;: ~4

HIG~H PASS F'ILTIER 1.

*A9E~I .7LOE 1-ITPA0,WI S1 LD~S iX 07FF? I

AVWE4' BDlAACF JSR HIDATI
AVE. :WABEOi COHI JSR--PIASU1 .--
A9fE:A ED A 9.-* 0 HP JSR HILOI. STEPS 1 TO6
W9ED( CEEO02E LDX *X' 002E'

DFUSF i*C STX DE)STIN .STEP 7
A9FZoCEfO2ZC LDX *X'002C,
AMF E:DA880 JER rRANSF

* . -A9FR E: ~7l JS SUKJ1
fA9FE: **:iAY4 JSR H!IL.O2 S7...::2 8 TrO :1
A--9FE CE -- O2 A, L1)>X *3X' '02A'

AA04' CE()02C X VCX 1 0C~

* .~. . ~ ArADh BDA. J R :IDL~E .- S'TIEJ:' 1L2
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At

~AA4' 9750 STAA X'501
AA16 B600 LCOAA WXDO'
~AA1 9751. ~ A.'5L

OttAI C ,9752 STAA X'52'
AM E 9.755 _. . .. .Tax~.
A Ai~2 0 966EC' LDAA :PX SEC' -

AA22 9753 CTAA XS'3'
N4Ai2'1_75-1 ..- STAA..X,5'1
~AA:6 8660) L.DArA lX'60'
442 97'56 .13 ~ 3AA V 556

ý3.1



468Oa 43 g!L!h DC !a~E.

SIJE*~UThESFURE3NDPASS R @:ANDSTOF
AFU B')L a

AA2 860~O 7  , - :1 LDAA 1:X !0' a .__
7tr 0 SPA0i X '80)A'

AA.~o 9624 LIDAA X5 2g'1
A ~A 3Z3 2 '1. L&,tJAB-_ X~t -'- q
AA3'1 972C STAA X'2C'
AA~36 D73C mA:X '3C'

-. AA36 96". _.J2AAX.'+q'1._.....
('A3A± 974C STAA X"IC'
PIf±A3:c CEEo 020 LDX &X' 002CI
!'A3F E8iA~E3t ~ JSR .NEGATE
A't2 39 Rrs

iM-,' DFOC' IE:-F[352 f3lTX D E ST.*rIN STJE:.P :3
0,A45 CLED 0619- _LO).4X # -'00Q68

~IM'DA8~:~7F 4J,131; '3LJM
1' 4:-c: 0 (12 E Lox jIX,02E

-... . A!,Aq~E EVASSI0 1JSR IFRA N SF
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/Atr.13 G:E-002,8 LOX ffX'00*..8'

* 02056 EV)r87F ~ JSR S1um

4.-tAi,59 CiEO 0261. * LDX iX fJ 0'21'6 S1 F
f CAllC1 E)A8E10 LJER YRANSF

A~A6L E 9 D A ?2;t. I R MUL
* i ESO01 I.,fE TOX 1X 0 0 2E,

ýAA67 t)FOC SIX OE~rý
A .. rA69 CE002L) 11OX :I:X 1 0 0 ZI
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* AA6F E:[A87f* JSR SM.

-__ __ .... ~ . TEP 6

AA72 9621I- LDAA X' 2 F'
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PA GE

DKEANL)PASS F'ILTER-; 1

A AD: 8EE 8107FF E:PASSI. LDS -*tX'07Fil
(AAV3E I13DA81f4 JSR SPI)ATi

--. AAC: L DE:)*3E1. GC-iP JSR,.. JIA.SU1.-- rP
)mST(K'

AAC'* EWAA2B EP JSR W:iSS1
(AAC7 E668f)0 8 LDAA-X'Bao.a'
AA-CA 9763 STAA X'63'
A ACC F68 0T A LDAE-l X'800A'
6AACF D773 -STAB. X,173-.'

STP

ADICE'0063 LDX :X' 0063'
iAt>'I GFOC.. . .. T .. ES h .. ..

AAD6 EBfAL354 . JSR MUL
STEP3

A4)D 9 Cfl ZJQ6~ 8:~.- . J.X :X' 0 0 6B
(AI)C BL)AA113 JSR E:PES2.

K. STEPlO
i..DF.CEOOGO . LOX 'I.X.0O000

44AEL? A-664 UFUE:P LC'AA X'64'IX
r"'AE4' A760 S3)AA X'60'PYX
AtAE6 A66-1- LDAA X'61'PX
A'AESe A76'4 '3TAA. X '64' ! *>
AAEA E67'1 LDAE3 X' 74'7X
AAE:C E77'0 'ST1A[L: X `:70X

AAEE E6.71 LDAE3 X7:t'PX
AAFO E77'q STAID. X'7q' IFX
AAFZ 08 * .... INX
A2AF3 i3C0003 CPX #X'00'"3'
A A F6 26EA E3NE UPUE:F

_ - - ~STEPIL. .....

AAF8 CEEOO62 LOX *X'0 062,
A"AFE: DI'OC SI'X DESTIN
Pteif-D CEO060,2.-.- . .LD.X.. *tX'QO6Oh
PB~U0- iDA6?54 JSR MUL

K STEP '12
I)BO)3 CE0068 . .. LOX. .#kX1.0.068'.1 .

(4 I:0 6 E-:DASA1 * JSR NEGATE
0.60O9 tGE006A .LOX #X'006A'
ftjrz:0 c M:ASAI - .. J"': NEGATE__ .

K STEP 13,
.AE:F E:DASF9 JSR IDL-E
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AE-I'1 E:DA973 E:FDATI JSR tAL.RTIM
____ '81J~S5 LDAA #X.I--

AE:19 9750 STAA X'50'

.. AL:ID 97511. . SThA XSt...
",BI:F 8691 LOAA #X'91'
A 1'.'2:L 9 75 j2 STAA X' 52'

~F-::23~~sE:I.LJ)AA iX~E
rL::25 975.3 STAA X'53'

B-27 86FF L.DAA itX 'FF'
.iit::29. 9/'54 ________ý4-

86,A9 LOAA iX A9'
AL:2f) 97b5.~ STAA X'I535

I.H.2"F ':6C;3 LO)A- i4X'C3-
iJ I 7;5 6 '3,i.-A X'56'

-473 9.7":' STAA X'0
"M AA- xdIQ

1d:: 9 9 96:12 . LDAA :IX ''12'
:~3: 9'1SITAA x 191.1
9E::) 792 'STIAA X' 92'
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PA GE

-l E:ANDS TO1P FILTER I .

~dEI'S T D~r1iF 1~:8O 1 LDS :.X' 071-FF
j~ *J ~JSR EISDAT:L

A-'16BDAEWGOD -JSR BPESUI

A i::C 1136EB008 LDAA X'8008'
'.fF97'6 S TAA X'66' .

5~p. ,4  00A LABE X 76 S'

STEP' 2
(6 CE: 0 066 LVX MX'0066'

011:::1119 DFO0C !3TX DESTIN
_____ E~~~L'A ~ % R. -JS .q~Ul-.. - ~ .

AE.t3E CE 00 6E LCIX ý'X' 0062?
rA)l-:6 :L 1E:f)AA-+3 JSR EFS

*STEP 1.0
C':6 j EOQO'"DX Ix0

:6 9) A7 6.O5TAA -X' 60'JF

E.:6~ 5* 7'**Tf*J X'70 Y
81~6F :1 kiX

AJ?70 8C0006 CPX. UX'0006'
P. B73 ',61Fv ONE UPUE:S --

STEf
f) BV LE'006 5 LOX 4tX 100653'
0% B7 6 DF 0CO STX DESTIN
013:7A CEOO060 LOX IX06
A R7D IE:f),V)35,q JSR NUL

STEiPi
M.--:80 CEA 0 69 * LDX *X' 0069'
AE:83 E'DAGAI JSR NEGATE
AV?86 CEO0.603- LDX *X'O 068'
ABS9 81OA2AI JSR NEGATE
(-VI-18 C CEUO06D LOX *X'006D'

A892 BDI)AF9 JSR IDLE
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I-RS A. -- R -. - -. L... --..

p* 
-i31-- AA

,'jA 7 I-:. ) 9 735 E2L'i JSTA C:L.5T,
* C':n ~36i -. LDAr%.*X'Bt I!

itd:9C'ZA 9750 STAA *pX53'
AB9E (36A9 LOAA tXA'31
i:ýd-:AM 9 75 %TAA-.X X* 55' -- .AFBflZ t8691 L.D)AA ix '91`
A IErA'}B 971524 f3TAA X'54'

?-8A6 ~36EE LAA tX'C3.
;zCA--:b3 9756 STFAA X'56'

A11j~:B& 975.9. ST(-AW X' 59'0
fAE966P- LDAA iX 'E65'

B:r:E 9 7954 STAA X' 54'

4,ll;fIq 9756!- . SA Xt 5 56
fl :E: L~37LDAA itXE'37:'
AE:3f3 970 . STAA X'92'

~IE:A97?6 fAX '9/4'

-.- .8~E.SIAPA x '9 I
&dKC~j ~ STAA ' .5

AE~flQ'J4 ~ ELDA *X 'c-:

ra-~~',} STABX.92
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APPENDIX C

DERIVATION OF DIGITAL FILTERS

C.1. Derivation of Eq. (14)

From (A.2),

Gac Wac ... Wac
GLP(s) = (s-w acUl) (S-WacU 2 ) (S-wacUn)

Using the substitution in (14), one obtains

G LP(z) GLP(s)I s 'ac z-1

R z+i

Wac ... wac

('ac z-1 ac z-1
K zT-- - oac1 (-7- =--+i- 'acn)

R(z+I) ... R(z+1)
- Lz-1 - Ru1 (z+I)J [z-1 - Run(z+1)]

Rn (z+1)n

1~u 1R1+u R(I-UlR) (l-Un) (z -+l +n
(-u 1 R)...(1-uR) (z 1-u1 R) ... (zR

z~ln
A K (z+1) n

(z-P l )... (Z-Pn)

(c.f. Section 2.2)

C.2. Derivation of Eq. (21)

From (A.3),

GS (s)__ S ... _ _

GHp~sJ : (s-wacul) (S-wacu2) (S-wacun)

C.1



Using the substitution in (21), one obtains

G HP(z) G GHP(s) s 'cz-1

wA ac z-1 wac z-1
R z+3. ... k z~1

(wac z-1 _ w wac z-1_wu
R z+l acl R z~l ac n

z-1 ... z-1
-Lz-1 - uR(z+l)] Lz-1 - unR(z+l)j

1 - (Zl)n

(l-u R) .(1-u R) (z - - 1 ~ (z - __

A K (Z-1)
(z-p1 ) ... Z-pn

(c.f. Section 2.3).

C.3. Derivation of Eq. (28)

From (A.5)

GB~) BW.s iBw-s .. BW.s

Using the substitution in (28), one obtains

G BP (2) G GBP(s) I 2 z-

BW~~ 2z-121-

(2 2z-1 - 2Z1 c 2 z-1 2z1 *
7C c+i 1)(~--c 7 z +T )~ 3

BW2 z_)Zl W2 (_)z,
t2 2 t 2 2 *

- 2 * z(-+c ) ]E fc) )L *) (-~cd ) (. n2 t t 1 2 , 2 __n_ n_2__
(.cl) (TC n (cn) (- -cn

C.2



n n

AK (z-1)n(z+1)

(c.f. Section 2.4).

C.4. Derivation of Eq. (36)

From (A.6),

(s+jwao )(s-jwao) (s+jw ao )(S-Jwao)
GBSs() 'I TS--C1 (S--C1*) .. (s-ce )(s-c n)

Using the substitution in (36), we obtain

G BS(z) G BaS(s) 2 z-1

(2z-1 + )2 z-1,

2.ýZ-1 2 -ýZ-1 c* .

2. 2 j
f -Joao t + ao

2&j 2j ) Lz-(.+wJL Z(2 - J
tC ao tE ao tJ ao 7 Jwao

2 + 2 +
2 -2 ___ __

tZ- I n C-ZclI*

n0

i=1

(c.f. Section 2.5).
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